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1. INTRODUCTION 
Noncommutative ideas in algebraic number theory are nothing new. 
There is the work of Noether and Chevalley, and the thesis of Schilling. 
Here, on a more elementary level, some basic facts are pointed out 
concerning the use of the ring of integral matrices, Znx”, for the study of 
ideals in algebraic extensions of the rationals. One of the most important 
facts concerning this ring is that it is a principal ideal domain. For, any two 
integral n X n matrices A,B have a greatest common right divisor (gcrd). This 
is an integral matrix C such that A = D,C, B= D,C, where D,, D, are 
integral and C is a left multiple of any other common right divisor. 
A recent Query by L. Baumert [3] asked for a method for finding the 
generator of a principal ideal. The author suggested the use integral matrices 
and their common divisors. More generally: if we represent the ring !0 of 
integers of an algebraic number field F by n X n integral matrices, then the 
ideals in 0 are represented by matrices which generate one sided ideals 
which are principal. This will be further discussed in Sec. 3. It seems that 
“non principal’ is replaced by “non commutative.” Some other facts con- 
cerning this representation are discussed. 
2. IDEAL MATRICES 
Let F be an algebraic number field and wr, . . . , w,, a basis for its ring of 
integers 0. Let m be an ideal in 0, and ai,. . . , a,, a Z-basis for m. Then 
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The matrix A = (ufk) is called an ideal matrix for m (see e.g. [2]). If the basis 
of 0 or of m is changed, then A goes over into UAV, where U, V are 
unimodular. In particular the following theorem of MacDuffee in [4] which 
characterizes the ideal matrices is significant. 
THEOREM 1 (MacDuffee, slightly reworded here). Let ol, . . . , w,, and A 
be as above. Let q/3, y, . . . be elements of 0. Let M be a regular representu- 
tion of D, and M(a), M( ,8), M(y). . . be the n x n integral matrices corre- 
sponding to a,p,y,... . Then A = (uik) is a gcrd of M(a), M( /3), M(y), . . . and 
is an ideal matrix of the ideal m generated by a, /3,y,... with basis 
3. THE MAPPING OF THE IDEALS 
THEOREM 2. A principal ideal m of 9 is mapped via M onto a set of 
matrices M(m) in Znx” which generate a two sided ideal there, generated by 
an element in M(m). An ideal m which is not principal is mapped onto a 
right ideal, generated by an element outside M(m) which does not commute 
with all the Ai. 
Proof. Let (q,..., a,J be a Z-basis for m. If m is principal, then it is 
generated by an element a in ~9. Let M( aJ = A, and M(a) = A. Then A must 
be a gcrd of the 4, since the ring generated by the A, over Z is commutative 
and contains A. 
Let now m not be principal. Then the gcrd of the Ai must lie outside 
M(m). Further, it cannot commute with all of M(m). For M(m) contains a 
matrix, say MI, which is a generator of M(F). Any matrix which commutes 
with such an Ml lies in M(F); being integral, it lies in M(D), since a Z-basis 
for KJ generates F. Since this element lies outside M(m), the inverse map 
forces its map to lie outside m. This, however, would lead to more than n 
Z-independent elements in ~0. a 
BEMARK. By Theorem 1 we know that the gcrd of the A, is an ideal 
matrix for the ideal. It is determined up to unimodular left factors. 
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4. SOME REMARKS CONCERNING IDEAL MATRICES 
THEOREM 3. If m is the principal ideal (a), then a can be obtained as 
an eigenvalue of an ideal matrix whose eigenvector is a basis of m. 
Proof. The elements wi = cu,/a, . . . , w, = a,,/a are integers which lie in 
the field under consideration. They form a Z-basis for 0 We then have for a 
- suitable integral matrix A = (atk) 
al/a 
A : 
.%&/a 
hence 
a1 
) l-1 = : ; % 
n 
EXAMPLE. (5,2 + fi ) is a principal ideal in Q(m), namely 
(3--V-i4)(-3-Viz,-4-Viq. Th e second factor is clearly a basis for 
the ring of integers, since 
det 1: 1:)=-l; 
( 
the ideal matrix with respect to the new basis is 
( 
5 -5 
1 -2 1’ 
Note that the eigenvalues are 3 k m . 
A different situation arises for the following nonprincipal ideal: 
(3,8+~)inZ[~].Itsidealmatrixcanbechosenas 
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1 2 ( 1 2 3 
the ideal matrix 
19 2 ( ) 30 3 
with eigenvalues 112 m is obtained. 
The following theorem then holds (see also [S]). 
THEOREM 4. Let Q(fi ) be a quadratic field, and p=$# a fmtcwim- 
tion of the rational prime p into two different prime ideal factors. Let +.I be 
nonprincipal. Then the ideal matrix of p has as eigenval~s either rational 
numbers or conjugate numbers in a quudratic field in which p factorizes into 
principal ideal factors. The order of the ideal class of p in Q(6 ) does not 
enter into this consiokration. 
The proof of this theorem is trivial, since the determinant of the ideal 
matrix is 2 norm @. 
A similar consideration can be applied to fields of higher degree. 
Some related ideas can be found in an unpublished manuscript by H. P. 
Rehm: Eine Permutationsdarstellung der Idealklassengruppen eines alge- 
braischen ZahlkGrpers mit Hilfe einer nichtkommutativen Algebra. 
The author had interesting discussions with D. Estes. 
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